The mathematical development and application of two discrete element methods (DEMs) for analyzing the material flow of granular media is described. These two DEM's model the non-circular shaped particles with analytical surface representations. Two-dimensional particles are modeled with a superquadric equation and three-dimensional particles as ellipsoids. Two examples are then presented to illustrate the applicability of these techniques in engineering analysis. These examples include: i) flow of particulate media in a rotating drum, and ii) flow of ore material in an inclined ore pass system.
INTRODUCTION
Discrete Element Methods (DEMs) are a family of numerical simulation methods for simulating the dynamic and pseudo static motions of a system of interacting rigid bodies. An early computational method similar to modern DEMs was originally introduced by Alder and Wainwright (1956) to study molecular dynamics. DEMs were first developed to study stability of jointed arbitrary shaped rock-masses, see Cundall (1971) . Subsequent DEMs have been developed and used to solve a wide range of engineering problems, involving the mechanical analysis of a system of interacting bodies, see Proc. (1989 ), Proc. (1993 ), Special Issue (2000 . However, in many DEMs cylindrical or spherical shaped particles are usually employed because of the efficiency afforded by the simple contact detection.
In some physical situations however, more sophisticated DEM based numerical models are required, which account for the shape and size distribution of the system of bodies. A number of DEMs for non-circular shaped bodies have been recently developed and applied to different types of engineering analyses. DEMs for general shaped bodies may be categorized as follows: i) polygon shaped bodies, ii) algebraically defined surface functions such as ellipsoids or superquadrics , Barr (1981) that define any point on the surface of the body, iii) clusters of rigidly or elastically connected overlapping cylindrical or spherical bodies.
Alternative DEMs with circular body geometry have attempted to account for particle shape by inhibiting or limiting the particle rotation. For example, Ting and Corkum (1988) , increased the polar moment of inertia of the circular particles; Ng and Dobry (1992, 1994) , fixed the rotational motion completely; and, Iwashita and Oda (1998) , included rotational resistance between cylindrical or spherical bodies.
Each of the above mentioned three DEMs, namely i), ii) and iii), have been developed for different types of analyses. Polygon shaped particle based DEMs, for example, Cundall (1971 Cundall ( , 1980 , and Hocking (1978) , have been used to analyze the mechanical behavior of blocky rock masses in mining engineering, and Hocking, Mustoe and Williams (1985,1987) , and Hocking (1992 Hocking ( ,1993 have applied DEMs to arctic engineering problems involving the determination of ice forces on offshore structures and ships. The superquadric DEM (see, Williams and Pentland 1989 , Mustoe and DePoorter 1993 and ellipsoid DEM (see, Rothenburg and Bathurst 1991 , Ting et al. 1993 , Ng and Lin 1993 , Ng 1994 , Sawada and Pradham 1994 , Lin et al. 1996 , Lin and Ng 1997 are especially useful for problems involving particulate media described by continuous surface geometry. These particle shapes have been mainly used for investigations on the effects of particle shape on static deformation and strength characteristics particulate media such as sand like materials. The rigid or flexible cluster based DEMs (Walton and Braun 1993 , Tsuchikura et al. 1995 , Mustoe and Griffiths 1998 , Yamane et al. 1998 , Itasca Consulting Group 1999 are a simple adaptation of the original circular disk and spherical DEMs developed to assess the effect of noncircular shaped bodies.
The most general of these DEMs, are the polygon based and cluster based DEMs since they can model arbitrary shaped nonsymmetrical particles/bodies. However, if we want to investigate the effects of particle shape in a parametric manner it is advantageous to use DEMs employing an analytical particle shape representation.
The current paper describes two DEMs which employ an analytical particle shape representation that can be used to assess the effects of particle shape on material flow. These two DEMs are a two-dimensional superquadric particle DEM and threedimensional ellipsoidal DEM. To date, limited research studies have been conducted on the effects of particle shape on material flow characteristics. We conclude with two example simulations, which illustrate the applicability of the superquadric and ellipsoid DEMs to material flow analysis. These simulations are: a) flow of particulate media in a rotating drum using the superquadric DEM , and b) flow of ore material in an inclined ore pass system using the ellipsoidal DEM.
THE DISCRETE ELEMENT METHOD
A typical DEM has the following features: i) an automatic contact detection algorithm involving a series of sorting actions and geometry checks of increasing complexity, ii) a contact force generation algorithm that can either compute total force or incremental force updates, and iii) a time integration procedure which is explicit involving a two step generalized velocity and position update. For further details of the computational algorithm for a typical DEM see Cundall and Strack (1979) and the two specialty DEM conference proceedings (Proc. 1989 , Proc. 1993 ) for examples.
The major differences in the above mentioned DEMs arise in the contact detection algorithms and the contact force determination. Here we develop the DEM contact detection algorithms for: a) the superquadric two-dimensional DEM, and b) the ellipsoidal three-dimensional DEM.
The Two-Dimensional Superquadric DEM The Superquadric Function
In the superquadric DEM the boundary geometry for a body "i" is defined with respect to local centroidal coordinates by:
where the point P(x i ,y i ) is: i) outside the body when f i (x i , y i ) > 0, ii) inside the body when f i (x i , y i ) < 0 and iii) on the surface when f i (x i , y i )=0. Note, a i and b i are the semi axes of the superquadric that define the aspect ratio of the bounding rectangle, and the exponent n i is a real number that determines the shape of the superquadric in terms of angularity. The term angularity should be regarded as a measure of the maximum curvature on the surface of a superquadric. Examples of different superquadric shapes with a fixed aspect ratio of 1.0, and shape exponents n = 1.4, 1.7, 2.0, 3.0, 4.0, 5.0 and 10.0 are illustrated in Figure 1 . Note, from this figure we can conclude that superquadrics have sharp corners with discontinuous tangent planes for two limiting values of n. For n = 1, the superquadric is a parallelogram with corners on the local centroidal x and y axes, and as ∞ → n , the superquadric becomes a rectangle with sides of length 2a and 2b, that are parallel to the local centroidal x and y axes. In this work we have limited our consideration to superquadric shaped bodies with smooth convex surface geometry, where the shape exponent n is usually defined in the range 1 . This choice of n allows a wide range of non-circular shaped bodies to be modeled, and avoids the inherent mathematical difficulties encountered when n is large and when n . Figure 2 shows two superquadric shaped bodies "i" and "j" defined by f i (x i , y i ) = 0 and f j (x j , y j ) = 0 respectively. When the point P(x i ,y i ) is on the surface of the body "i" the local coordinates can be defined with the two parametric equations:
Contact Detection
In the superquadric based DEM algorithm contact between two bodies "i" and "j" is determined by computing the minimum overlap distance with a minimization procedure in the following manner: a) Find the point P i that is on the surface of the body "i" and minimizes the superquadric function for body "j". Since the point P i is on the surface of the body "i", the coordinates of P i with respect to the local centroidal axes of body "i" are defined by the parametric equations (2) which depend on the parameter α i . In order to minimize f j (x j , y j ) which is defined by:
the coordinates of the point P i must be expressed with respect to the local centroidal axes of body "j". This is accomplished with the coordinate transformation:
where (x o , y o ) are the coordinates of the centroid of body "j" with respect to body "i" defined in the local centroidal coordinate axes of body "i", and θ i and θ j are the angular coordinates defining the local x-directions for body "i" and body "j" with respect to the global X-direction respectively The location of the point P i is now determined by minimizing the function f j (x j (α i ), y j (α i )) = 0 with respect to the parameter α i . Note, the point P j that is on the surface of the body "j" which minimizes the superquadric function for body "i" is determined in exactly the same manner. b) Determine the radii and centers of curvature at the two contact points P i and P j. Firstly, note that the radius of curvature k ρ at the point P k is given by the standard formula for a curve defined by y = f(x):
For a superquadric curve defined by , equation (5) 
The unit outward normal vector on the surface of body "k" defined by a superquadric in the local centroidal coordinate system for body "k" is given by:
The coordinates with respect to centroidal local axes of body "k" for the position of the center of curvature C k , for the point P k is given by:
Compute the normal penetration between the two contacting bodies "i" and "j". If the contact problem is reduced to contact between the two circles of curvature shown in Figure 2 , the normal overlap or penetration distance is defined by:
where d is the distance between the center of curvatures C i and C j. Note, contact between bodies "i" and "j" exists when δ > 0.
The contact normal direction for bodies "i" and "j" is defined by a unit vector n directed along the center of curvatures from C iĵ i to C j , see Figure 3 . The corresponding contact shear direction is defined by a unit vector ŝ that is obtained with a counterclockwise rotation of 90
In the current DEM calculation we have employed the usual normal linear stiffness contact stiffness model with restitution and a Coulomb friction model. In the present algorithm, the Brent method (Brent 1971 ) is used to perform the superquadric function minimizations, and incremental iterative updates for calculation parameters are used to improve the efficiency of the computation. Look up tables are also used to minimize the effort required to compute power functions required in the superquadric equations.
The Three-Dimensional Ellipsoid DEM
The three-dimensional ellipsoidal discrete element model employed in this work originated from the DEM algorithm developed by X. Lin for studying soil behavior, see Lin (1995) , Lin, Nakagawa and Mustoe (1996) , and Nakagawa, Mustoe, Lin and Iwamoto (1999) . Note, the details of the dynamic time stepping scheme and the ellipsoidal particle-particle contact detection and force generation algorithm are fully described in Lin's Ph.D thesis, see Lin (1995) , and will not be repeated here. The particle shapes are defined by the semi-axis values a 1 , a 2 and a 3 of the ellipsoid, which are also shown in Figure 4 . For example, a wide range of different shaped particles can be modeled with different values of a 1 , a 2 and a 3 . For example, tablet, football and spherical shapes are generated with (a 1 :a 2 :a 3 ) ratios of (2:2:1), (2:1:1) and (1:1:1) respectively.
The current work is an extension of Lin's model, see Lin (1995) , which incorporates contact between a system of threedimensional ellipsoidal particles and rigid surfaces defined with a discretization of triangular planar faces and edges. The details of the contact detection between an ellipsoidal particle and a triangular face are described below.
In order to simplify the development, the equation of the ellipsoid's surface and the equation of the plane for the triangular face with nodes I,J and K are expressed with respect to the principal axes (x 1 , x 2 , x 3 ) of the ellipsoidal particle, see Figure 5 .
Using this coordinate system, the equation of the ellipsoid's surface is: 
) where is the distance from the plane to the center of the ellipsoid.
The two possible locations of the nearest point to the plane on the ellipsoid are at P 1 and P 2 , where the outward normal direction of the ellipsoid and the unit normal vector, n of the plane are parallel. This condition is expressed by: ,
where is the unit normal vector of the plane written with respect to the principal axes of the ellipsoid, ) , , ( (12), (13) and (14), the coordinates of the points P ) , , ( The normal distance , n δ from the point P 1 (or P 2 ) to the plane is computed via: 1 (or P 2 ) and the point I respectively. The point P which closest to the plane is either located at the point P 1 or P 2 and is determined from the minimum value of the two possible values of δ .
The coordinates of the normal projected point Q from the closest point P on the ellipsoid are given by: ) , , (
In order to determine whether the point Q on the plane is inside or outside the triangular face, we compute the triangular coordinates ( of the point Q in the following manner. In Figure 6 , we view the triangular face from the normal unit direction, n and define the local two-dimensional face coordinate system (x,y) as shown.
From Figure 6 , we can also define the area of the triangular face IJK, by A, and the sub-areas A I , A J and A K as the areas of the triangles JKQ, KIQ and IJQ respectively. These areas are computed by: ( 1 9 ) where , etc…, and note that
The triangular coordinates of the point Q are defined by:
The conditions for contact between the ellipsoidal particle and the triangular plane IJK are that 0 > n δ and all three triangular coordinates , otherwise there is no contact. Also note, that because the triangular coordinates have the normalized property:
, a small positive value of a triangular coordinate indicates that the ellipsoid is close to an edge or corner of the triangular face.
The normal and shear contact force components can now be computed in the usual manner employed in a standard DEM for either linear or non-linear force laws.
APPLICATIONS
Applications of the two different DEMs are illustrated with the following examples: a) flow of particulate media in a rotating drum using the superquadric DEM , and, b) flow of ore material in an inclined ore pass system using the ellipsoidal DEM
Flow of Particulate Media in a Rotating Drum using the Superquadric DEM
As a preliminarily study, a series of analyses using the superquadric DEM was performed in order to investigate the effects of particle shape on the dynamic angle of repose in a rotating drum. In this study the particle shape is simply parameterized by the exponent n in the superquadric equation. The dynamic angle of repose is defined as the maximum angle of inclination of the particle surface with respect to the horizontal, just prior to the occurrence of an avalanche. Note, this definition of the dynamic angle of repose is widely used by physicists who study the behavior of granular media, for example see Chapter 6 in Ristow (1998) . The dynamic angle of repose in a rotating drum will be affected by various factors such as particle shape, inter-particle friction coefficient, wall friction coefficient, restitution coefficient, angular velocity of a drum, and ratio of drum diameter to particle size. In this simulation, we fixed all the above factors, except for the particle shape and investigated the effects of particle shape on the dynamic angle of repose in a slowly rotating drum. Figure 7 shows the geometry of the drum and the two-step procedure for the simulation. Firstly, 684 mono-size particles are generated at random locations inside a drum whose radius is 4 cm. The particles are then allowed to settle under a vertical gravity field. The drum is approximately 50% full of particles. After the settlement is complete, the drum is rotated continuously at the angular velocity of 0.25 rad./s. This angular velocity is slow enough to detect each avalanche that occurs intermittently in the drum. The kinetic energy of the particle system is monitored so that we can detect when an avalanche occurs. The avalanche always results in the jump in the time history of the total kinetic energy. The dynamic angle of repose can be measured just before the avalanche takes place. The dynamic angle of repose is obtained by fitting a least square straight line to the surface profile of the particles in the drum. Since the avalanches occur intermittently, the dynamic angle of repose was measured five times in each simulation.
Simulation Method
Seven analyses were performed with systems of mono-size superquadric shaped particles with an exponent of n = 1.4, 1.7, 2, 3, 4, 5 and 10, respectively. Note as the exponent n increases from 2 to 10 or decreases from 2 to 1, the particle shape changes from being circular to almost square as shown in Figure 1 . The semi axes of all the particles are defined by a = b = 0.1cm., and have a fixed aspect ratio of 1.0. The linear contact force law was applied with normal and tangential spring constants of 1.0*10 6 N/m. The inter-particle and particle-wall friction coefficients were defined by 0.5. The coefficients of restitution for interparticle and wall-particle interactions were given as 0.6 and 0.7, respectively. The mass density of the particles was defined by 1.3 g/cm 3 . Figure 8 shows snapshots of these simulations for the exponent n = 2, 4 and 10, at the instant where each sample has its maximum dynamic angle of repose out of the measured 5 slopes. The dynamic angle of repose increases from about 27 to 41 degrees with increasing the exponent n. This result clearly shows that the dynamic angle of repose is affected by particle shape. In the n = 10 particle (almost square particle) case, the packing geometry seems similar to that of a fractured rock slope seen in the nature. Figure 9 shows the dynamic angle of repose with respect to the exponent n of superquadric function. The maximum (minimum) dynamic angle of repose is defined here as the maximum (minimum) angle out of the measured 5 slopes. The average dynamic angle of repose is defined as the average angle of the measured slopes. As seen in the figure, the angles of repose depend on the change of particle shape. The angles of repose clearly increase as the exponent n increases from 2 to 10 or decreases from 2 to 1.4. In other words, the dynamic angle of repose increases as the particle shape changes from a circular to a square shape. However, the results of these numerical experiments indicate that the upper limit of the dynamic angle of repose is approximately 40 degrees as n tends to either to 1 or larger than 10. These results clearly illustrate the simplicity and advantages of the superquadric DEM in assessing the effects of particle shape upon the dynamic angle of repose with n, the superquadric shape parameter. Figure 10 shows velocity vectors for the exponent n = 2 and 5, at the instant where each sample has its maximum kinetic energy. This figure clearly shows the different flow characteristics. Circular particles tend to flow near the surface very smoothly, whereas the avalanches within a system of square particles occur locally and more rapidly at the left bottom of the slope. Although not shown here, we note that the avalanche frequency and maximum kinetic energy of each system was also very different. The maximum kinetic energy of the square particle system was about 2.2 times larger than the kinetic energy of the circular particle system. Although more investigations are needed to obtain a comprehensive understanding of the effects of particle shape on the dynamic angle of repose, this work highlights the applicability of the superquadric DEM.
Simulation Results

Flow of Ore Material in an Inclined Ore Pass System using the Ellipsoidal DEM
Ore passes are inclined shafts in rock formations in surface and underground mines used to transport ore and waste rock from one level to another lower level. The inclination of an ore pass is usually between 60 to 85 degrees with respect to the horizontal direction to promote reliable flow of materials. The DEM calculations described are simulations of a model scale ore pass experiment, see Goodwill et al (1999) . The purpose of this model scale experiment was to investigate the effect of ore size and ore pass inclination on material flow. Three DEM analyses were performed as a part of a preliminary study to assess the effects of ore particle shape and size on material flow as they relate to safety issues in mines, see Mustoe, Miyata and Nakagawa (2000 b) .
Simulation Method
The geometry of the ore pass used in the three-dimensional DEM ellipsoidal ore particle simulations is similar to that of the small scale test by Goodwill et. al (1999) , with the following exceptions. The cylindrical ore pass section is modeled with an octagonal tube comprised of triangular faces, and a three-dimensional box is defined with a horizontal floor below the ore pass. This geometry was determined from the small-scale model tests which were conducted by Goodwill et. al (1999) . Figure 11 a) shows the geometry of ore pass to be modeled and the initial fill of ore material. The diameter and length of the Plexiglas tube (ore pass) were set at 0.095m and 0.76m, respectively. The ore inclination was set at 25 degrees from the vertical. In the simulation, ore particles were generated near the top of the ore pass and allowed to settle while a gate located at the bottom of ore pass remained closed. After the ore pass section was approximately 90% full of ore material, the gate was opened so that the ore material could flow into the horizontal drift, see Figure 11 b ). As the ore particles flowed out of the bottom of the ore pass, additional ore particles were added into the upper part of the ore pass section to maintain a constant supply of ore.
Three analyses to study the effect of particle shape and size were performed with: a) circular shaped ore (1:1:1 shape) particles with a radius of 0.007m., b) elliptically shaped ore (2:1:1 tablet shape) particles with the same volume as the spherical ore particles with radius of 0.007m., and c) elliptically shaped ore (2:1:1 tablet shape) particles with the same volume as a spherical ore particle with radius of 0.01m. The remaining simulation parameters are defined as follows: Young's modulus of particles and walls is 7 x 10 8 Pa, Poisson's ratio of particles and walls is 0.3, coefficient of friction for particles and walls is 0.167, mass density of particles is 1.05 x 10 3 kg/m 3 , coefficient of restitution between particle-particle and wall-particle is 0.1 and the acceleration due to gravity is 9.81 m/s 2 . Note, that the Hertz-Mindlin contact law is used for particle-particle and wall-particle contact, see Lin (1995) . Figure 12 shows the three simulations 0.37 seconds after the ore pass gate was opened. This figure clearly shows that the circular ore (0.007m) is the most freely flowing material, followed by the elliptically shaped ore 2:2:1 (0.007m), and then the larger elliptical ore (0.01m). A short time later both elliptical ore materials cease to flow, see Figures 13 a) and 13 b) . The smaller (0.007m) elliptical shaped ore stops flowing after 0.55 seconds (Figure 13 b) ) and the larger (0.01m) elliptical shaped ore stops flowing after 0.45 seconds (Figure 13 a) ). Note, similar flow behavior was noted in the model scale experiment by Goodwill et.al. (1999) . The crushed rock sample in the model experiment, with a maximum dimension of 0.02m., hung up as shown in Figure 13 c) . Two examples of the vertical forces exerted on the floor of the drift, normalized with respect to the weight of the ore material are illustrated in Figure 14 . 
Simulation Results
CONCLUDING REMARKS
Two discrete element methods (DEMs) for analyzing the material flow for systems of general shaped bodies were described. The first DEM employed superquadric functions to define the shape of two-dimensional particles and the second DEM models three-dimensional particles with ellipsoidal functions. Two examples were given to illustrate the applicability of these DEM techniques for engineering analysis of material flow of general shaped particulate media.
The superquadric DEM was employed to analyze the flow of different shaped particulate media with a fixed aspect ratio of 1.0 in a rotating drum and determine the shape effect on the dynamic angle of repose. The shape (or the angularity) of the particles was parameterized simply with the superquadric exponent n. The results of these numerical experiments indicate that the upper limit of the dynamic angle of repose is approximately 40 degrees as n tends to either to 1 or larger than 10, which occurs as the corners of the particles become sharper. This study also illustrates the simplicity and advantages of the superquadric DEM in assessing the effects of particle shape in terms of a single analytical shape parameter n.
The second example consisted of three DEM analyses that were part of a preliminary study to assess the effects of ore particle shape and size on material flow within an underground ore pass, as they relate to safety issues in mines, see Mustoe, Miyata and Nakagawa (2000 b) . These simulations were related to a model scale ore pass experiment by Goodwill et.al. (1999) . The two simulations employing tablet shaped ore particles hung up inside the ore pass a short time after the lower ore pass gate was opened. This phenomena agreed qualitatively with the model test experiments using rock chips. A further DEM simulation using spherical ore particles of a similar volume to the tablet shaped particles, predicted that the spherical ore would flow more freely. Again, similar behavior was seen within the model tests employing smooth near spherical rock pebbles.
In summary, the two examples highlight the applicability of the superquadric and ellipsoidal DEMs for the analysis of material flow problems arising in a wide variety of engineering disciplines. 
